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I n j e c t i o n  of a fo re ign  gas i n t o  the laminar a i r  boundary l a y e r  i s  

considered. The mixture  p r o p e r t i e s  a re  a r b i t r a r y  func t ions  of tempera- 
t u r e  T and fo re ign  gas concent ra t ion  w. Unless the  p r o p e r t i e s  a r e  con- 
s t a n t ,  s i m i l a r i t y  t ransformat ions  a r e  v a l i d  only a t  the s t agna t ion  p o i n t  
o r  f o r  a w a l l  a t  cons tan t  pressure .  
equat ions are q u i t e  cumbersome because t r i p l e  i t e r a t i o n s  a r e  involved 
a t  t he  w a l l  t o  s a t i s f y  th ree  condi t ions a t  the  ou te r  edge of the  boundary 
l aye r .  
.has been der ived  i n  Reference 14 f o r  the cons tan t  p re s su re  case.  Here, 
qw i s  the  h e a t  t r a n s f e r  i n  the  presence of mass t r a n s f e r ,  whose absence 
i s  denoted by s u b s c r i p t  0. This c o r r e l a t i o n  formula i s  l i n e a r  i n  the  
mass t r a n s f e r  ra te  &vw, and, t he re fo re ,  f a i l s  f o r  l a r g e  va lues  of b v w .  

Solut ions of t he  th ree  s i m i l a r i t y  

A c o r r e l a t i o n  formula of r igorous numerical s o l u t i o n s  f o r  qw/qw, 

A simple engineer ing s o l u t i o n  method of the  s i m i l a r i t y  equat ions 
i s  proposed he re ,  which g ives  those poin ts  of t he  qw/qwo versus  h v w  
r e l a t i o n s h i p  f o r  which f i v e  property parameters a r e  nea r ly  cons tan t  
ac ross  the  boundary l aye r .  I f  t hese  f ive  condi t ions  a r e  s a t i s f i e d ,  
t he  d i f f e r e n t i a l  equat ions  i n  s i m i l a r i t y  v a r i a b l e s  can be uncoupled. 
By use  of an  a u x i l i a r y  graph, the momentum equat ion can be  i n t e g r a t e d  
d i r e c t l y  as an i n i t i a l  va lue  problem. This s o l u t i o n  i s  used t o  d e t e r -  
mine qw by quadratures .  Corre la t ion  formulas f o r  qw a r e  presented  f o r  
both the  cons tan t  p re s su re  and the  s t agna t ion  po in t  cases .  

The f i v e  condi t ions  on the  mixture p r o p e r t i e s  can be s a t i s f i e d  i n  
an approximate way f o r  the  i n j e c t i o n  of H20, He, o r  H2 i n t o  a i r ,  provided 
d i s s i p a t i o n  e f f e c t s  a r e  s u f f i c i e n t l y  small. Comparison t o  the  c o r r e l a -  
t i o n  formula of Reference 14 shows very good agreement i f  t he  Mach number 
M, = 0, and some d i f f e r e n c e  f o r  = 3 .  The r e s u l t s  f o r  H20-air mix tures  



cover the range of qw/qwo va lues  from u n i t y  t o  va lues  as l o w  as  0 .5 .  
Only very s m a l l  i n j e c t i o n  r a t e s  a r e  compatible wi th  the  f i v e  condi t ions  
i f  He or H2 i s  i n j e c t e d  i n t o  a i r .  The theory is  worked out i n  t h i s  
paper for  the case of cons tan t  p re s su re  and a i r  as the primary flowing 
medium. 



GEORGE C. MARSHALL SPACE FLIGHT CENTER 

MTP-AERO-64- 2 

January 15, 1964 

HEAT AND MASS TRANSFER I N  BINARY INERT GAS FLOW FOR 
DISTRIBUTIONS OF TEMPERATURE AND CONCENTRATION 

RENDERING THE PROPERTIES NEARLY CONSTANT 

E r n s t  W. A d a m s ,  John D. W a r m b r o d ,  C. L e e  Fox, and R o b e r t  M. H u f f a k e r  

FLUID MECHANICS RESEARCH O F F I C E  
AERODYNAMICS DIVISION 

AERO-ASTRODYNAMICS LABORATORY 



I. 

11.. 

111. 

IV. 

V. 

VI. 

V I I .  

TABLE O F  CONTENTS 

INTRODUCTION....... ........................................ 
THE DIFFERENTIAL EQUATIONS AND BOUNDARY CONDITIONS.... ..... 
SOLUTIONS O F  THE DIFFERENTIAL EQUATIONS......... ........... 
DISCUSSION OF THE VALIDITY O F  THE ASSUMPTIONS (19) - (23) 
ON THE MIXTURE PROPERTIES................ .................. 
RELATIONS FROM THE REFERENCE ENTHALPY METHOD USED FOR 
COMPARISON... .............................................. 
RESULTS O F - T H E  DERIVED METHOD .............................. 
REVIEW AND APPLICATIONS O F  THE DERIVED METHOD.............. 

APPENDIX A. THE MIXTURE PROPERTIES..... ......................... 
APPEhDIX 5. WKREXTIOTU’ FOiii.iiZ.i.iS FOE Nu/vG iN CASE OF -F&,, = 0.. . 

Page 
1 

3 

6 

10 

11 

13 

14 

16 

19 

iii 



LIST OF ILLUSTRATIONS 

1 . Density of Mixtures .......................................... 
2 . Viscos i ty  of Mixtures ........................................ 
3 . Thermal Conductivity of Mixtures ............................. 
4 . Spec i f i c  Heat of Pure Gases .................................. 
5 . Spec i f i c  Heat of Mixtures .................................... 
6 . Densi ty-Viscosi ty  Factor  f o r  Mixtures ........................ 
7 . Viscosity-Thermal Conduct ivi ty  Fac tor  f o r  Mixtures ........... 
8 . Ordinary Dif fus ion  Coef f i c i en t  f o r  Mixtures .................. 
9 . Schmidt Number f o r  Mixtures .................................. 
10 . Rela t ionship  between f; and fw. Following from Solu t ions  of 

Equation (12) ................................................ 
11 . Rela t ionship  between ww and f,. Following from Equation (25) . 
1 2  . Concentration P r o f i l e s  ....................................... 
13  . Temperature P r o f i l e s  ......................................... 
14 . Val id i ty  of t he  Property Assumptions (19) . ( 2 3 )  f o r  One 

Case ......................................................... 
15 . Dimensionless Wall Heat Transfer  Rate v s  Blowing Rate f o r  

I n j e c t i o n  of Water Vapor i n t o  A i r  ............................ 

Page 
23 

24 

25 

26 

27 

28 

29 

30 

31 

32  

3 3  

34 

35 

36 

37 

iv 



LIST OF SYMBOLS 

Symbol 

a 

B 

C 

C 

C P 

D 

f 

h 

i 

k 

m 

% 

M 

NU 

Pr 

qW 

R 

Re 

sc 

m/sec 

Definition 

speed of sound 

= - [fw(mtl)Pr/21 (Nu/Ke)c 

= ClPhJeaP, 

= c /c 
Pf Pa 

kcal/ kg OK 

m2/sec 

kglsec m2 

kcallkg 

kcal/m OK sec 

- - - x ($$) w/(TW- T,) 

kcal/m2 sec 

kcal/kg OK 

= px%J/p 

= v/D 

w= 0 I 

Chapman-Rubesin parameter 

auxiliary parameter 

specific heat 

oridnary diffusion coefficient 

non-dimensional stream function 

heat transfer coefficient 

enthalpy 

thermal conductivity 

Euler number in u, = const. 

Mach number 

molecular weight 

Nussel t number 

Prandtl number 

heat transfer at the wall 

universal gas cons tan t 

Reynolds number 

Schmidt number 

V 



Symbol 

LIST OF SYMBOLS (Cont 'd) 

D e f i n i t i o n  

O K  

= TIT, 

m l s e c  

mlsec 

m 

m 

a b s o l u t e  temperature 

temperature r a t i o  

v e l o c i t y  component p a r a l l e l  t o  the 
w a l l  

v e l o c i t y  component normal t o  the  w a l l  

concent ra t ion  of fo re ign  gas  

coord ina te  p a r a l l e l  t o  the w a l l  

coord ina te  normal t o  the w a l l  

s e e  equat ion  (29)  

s ee  equat ion  (29)  

kg/m3 dens i ty  

kg/m sec 

= p/p m 2 / s e c  

v i s c o s i t y  

kinematic  v i s  co s i t  y 

kglm sec  stream func t ion  

s i m i l  a r  i t y var i ab  1 e 

dummy v a r i a b l e  f o r  7 

v i  



I 

I 

Symbol 

5 
K = %ICv 

LIST OF SYMBOLS (Cont ' d) 

Definition 

dunnny variable for q 

ratio of specific heats 

SUBSCRIPTS 

a = air 

f = foreign gas 

w = wall 

o = no mass transfer 

I = inc~.i i lpreasible 

M = outer edge of boundary layer 

SUPERSCRIPT 

* = value taken at reference temperature, see equation (40). 

vii 



t 
GEORGE C. MARSHALL SPACE FLIGHT CENTER 

MTP -AERO- 6 4 - 2 

HEAT AND MASS TRANSFER I N  BINARY INERT GAS FLOW FOR 
DISTRIBUTIONS OF TEMPERATURE AND CONCENTRATION 

RENDERING THE PROPERTIES N E A K Y  CONSTANT 

Erns t  W. Adams, John D. Warmbrod, 
C. Lee Fox, and Robert M. Huffaker 

I. INTRODUCTION 

The problem of simultaneous h e a t  and mass t r a n s f e r  began t o  a t t r a c t  
cons iderable  a t t e n t i o n  about t en  years  ago. A two-way i n t e r a c t i o n  between 
these  t r a n s f e r  r a t e s  occurs  i n  case of a b l a t i n g  s u r f a c e s ,  and a one- 
d i r e c t i o n a l  i n t e r a c t i o n  i n  case of t r a n s p i r a t i o n  cool ing.  Ablat ion is 
experienced by o b j e c t s  t r a v e r s i n g  an  atmosphere a t  s u f f i c i e n t l y  h igh  
speed; a b l a t i o n  a l s o  takes  p l ace  under s u i t a b l e  condi t ions  i f  a medium 
flowing through a chemical r e a c t o r  undergoes a r e a c t i o n  wi th  a s o l i d  o r  
a l i q u i d  depos i ted  i n  the  r e a c t o r .  Transpi ra t ion  cool ing of the  su r faces  
of wings, gas tu rb ine  b l ades ,  e t c . ,  has been s tud ied  ex tens ive ly  i n  the  
pas t .  

Even though t h e  assumptions upon which boundary l aye r  theory is 
based are v i o l a t e d  i n  case  of normal mass t r a n s f e r  a c r o s s  a wal l  a t  rest ,  
experiments confirm p e r t i n e n t  boundary l a y e r  s o l u t i o n s  wi th in  measuring 
accuracy. Laminar boundary l aye r  so lu t ions  a r e  phys i ca l ly  v a l i d  only 
f o r  s u f f i c i e n t l y  small i n j e c t i o n  r a t e s  normal t o  t h e  su r face  because of 
s t a b i l i t y  cons idera t ions .  Solu t ions  of t h e  s t a t i o n a r y  boundary l a y e r  
equat ions may be used t o  approximate nons ta t ionary  f l i g h t  s i t u a t i o n s .  
An except iona l  case occurs  when the  ab la t ion  r a t e  depends n o t  only on 
the  ins tan taneous  h e a t  t r a n s f e r  r a t e  but a l s o  on the  t r a n s i e n t  conduc- 
t i o n  of h e a t  i n  the  i n t e r i o r  of the  wall whose su r face  i s  a b l a t i n g  (see 
Reference 1). I f  time-dependent e f f e c t s  may be ignored, t he  double i n t e r -  
a c t i o n  between h e a t  and mass t r a n s f e r  can be analyzed f o r  a given f l i g h t  
s t a t e  by i n t e r p o l a t i n g  between a number of s imple - in t e rac t ion  s o l u t i o n s  
wi th  prescr ibed  mass i n j e c t i o n .  
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Theore t ica l  con t r ibu t ions  t o  the  h e a t  and m a s s  t r a n s f e r  problem under 
d iscuss ion  dea l  predominantly wi th  s t a t i o n a r y ,  b inary ,  and laminar boundary 
l a y e r  flow cons i s t ing  of a main ("primary") s t ream and an i n j e c t e d  ("foreign") 
cons t i t uen t .  This problem i s  governed by a system of four  simultaqeous d i f -  
f e r e n t i a l  equat ions ,  (1) through ( 4 )  i n  Sect ion 2 ,  r ep resen t ing  conserva t ion  
of mat te r ,  momentum, fo re ign  spec ie s ,  and energy. Up t o  now, these  equa- 
t i o n s  have been solved r igo rous ly  only under s impl i fy ing  assumptions on the  
mixture  p r o p e r t i e s  and/or  the  flow parameters.  Inspec t ion  of equat ions  (1) 
through (4) y i e l d s  the  condi t ions  under which e i t h e r  t he  m a s s  concent ra t ion  
w(x, y) of the  fore ign  gas i s  determined as a func t ion  of the  temperature 
d i s t r i b u t i o n  T(x, y) o r  the d i s t r i b u t i o n s  of both w(x, y)  (see Reference 3,  
p .  608 and Reference 9,  p .  458). S i m i l a r i t y  s o l u t i o n s  of equat ions  (1) 
through (4) have been publ ished f o r  both cons tan t  and v a r i a b l e  mixture  pro- 
p e r t i e s .  I f  the Mach number, t he  temperature d i f f e r e n c e  a c r o s s  t h e  boundary 
l a y e r ,  and t h e  fo re ign  gas concent ra t ion  a r e  s u f f i c i e n t l y  smal l ,  cons tan t  
mixture  p r o p e r t i e s  may be assumed. This case has  been t r e a t e d  i n  References 
15 and 25. S i m i l a r i t y  s o l u t i o n s  then hold t r u e  f o r  any Euler  number m. I f  
the  mixture p r o p e r t i e s  a r e  allowed t o  depend on temperature and fo re ign  gas  
concent ra t ion ,  s i m i l a r i t y  s o l u t i o n s  e x i s t  only f o r  t h e  s t agna t ion  po in t  
(m = 1)  and f o r  zero p re s su re  g r a d i e n t  (m = 0).  The case  m = 1 i s  d e a l t  
wi th  i n  References 16 and 1 7 ;  t he  case  M = 0 is  t r e a t e d  i n  References 11 
and 14. I n  some re fe rences ,  homogeneous o r  heterogeneous chemical r e a c t i o n s  
of assumed order  between the  c o n s t i t u e n t s  a r e  included i n  the  d i scuss ion ,  
e .g . ,  Chapter 19 of Reference 3. Solu t ions  f o r  more than two chemical con- 
s t i t u e n t s  have been der ived  i n  connection wi th  d i s s o c i a t i o n  or  i o n i z a t i o n  of 
the  cons t i t uen t s  i n  the  mixture ,  e .g . ,  References 21 and 23. 

Even i f  a s i m i l a r i t y  t ransformat ion  has been introduced,  t he  system 
of simultaneous nonl inear  d i f f e r e n t i a l  equat ions  o f f e r s  formidable r e s i s -  
tance to  numerical s o l u t i o n s ,  provided the  mixture  p r o p e r t i e s  a r e  allowed 
t o  depend on both fo re ign  gas concent ra t ion  w and temperature T as i s  pre-  
d i c t e d  by the  k i n e t i c  theory of gases ,  e .g . ,  References 6 and 19. This 
s i t u a t i o n  becomes ev ident  by consider ing t h a t  t h r e e  boundary condi t ions  
a t  t h e  outer  edge of t h e  boundary l a y e r  have t o  be s a t i s f i e d  by simultaneous 
i t e r a t i o n s  f o r  t he  g r a d i e n t s  of v e l o c i t y ,  temperature,  and concent ra t ion  a t  
the  w a l l .  The momentum equat ion  i n  s i m i l a r i t y  v a r i a b l e s  becomes independent 
of t he  d i f f e r e n t i a l  equat ions  f o r  T and w i f  the produce of v i s c o s i t y  p and 
dens i ty  p is assumed t o  be cons tan t .  However, f o r  t h e  compressible boundary 
l a y e r  flow of a s i n g l e  gas ,  s i m i l a r i t y  s o l u t i o n s  show a s i g n i f i c a n t  d i f f e r e n c e  
i f  t h e  case of cons tan t  pp i s  dependent on T according t o  the  equat ion  of 
s t a t e  and Suther land ' s  v i s c o s i t y  l a w  f o r  a i r ,  e.g. ,  Chapter 4 of Reference 27.  

It i s  shown i n  t h i s  r e p o r t  f o r  mixtures  consis. t ing of a i r  and H20 
vapor ,  He, or  H, t h a t  i t  i s  poss ib l e  f o r  any given s e t  of boundary va lues  
Tw and T, t o  determine the w a l l  concent ra t ion  ww so  t h a t  the r e l e v a n t  
mixture p r o p e r t i e s  t ake  approximately the  same va lues  a t  t he  w a l l  and a t  
t he  outer edge of t he  boundary l a y e r .  Under s u i t a b l e  condi t ions  s p e c i f i e d  
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i n  t h i s  r e p o r t ,  t hese  mixture  p rope r t i e s  then must be n e a r l y  cons tan t  
a c r o s s  t h e  e n t i r e  boundary l aye r .  I f  it may be assumed t h a t  pp = const .  
i n  t h e  boundary l a y e r ,  t he  momentum equation in, s i m i l a r i t y  v a r i a b l e s  can 
be solved independently of t he  o t h e r  d i f f e r e n t i a l  equat ions.  
t i o n  f o r  t he  fo re ign  gas concentrat ion and, subsequent ly ,  t he  one f o r  
t h e  temperature d i s t r i b u t i o n ,  can then be solved by quadratures  involving 
the  s o l u t i o n  of t h e  momentum equation. Evident ly ,  the  numerical work of 
t h i s  s o l u t i o n  method is very  much smaller  than the work needed t o  i n t e -  
g r a t e  t h e  simultaneous system of th ree  s i m i l a r i t y  d i f f e r e n t i a l  equat ions  
wi th  s p l i t  boundary condi t ions.  This i s  p a r t i c u l a r l y  t r u e  since exper i -  
ence shows t h a t  numerical i n s t a b i l i t i e s  i n  these  i n t e g r a t i o n  procedures 
l i m i t  t h e i r  range of a p p l i c a b i l i t y .  Also, it i s  impossible t o  check the  
accuracy of numerical i n t eg ra t ions  of the  d i f f e r e n t i a l  equat ions by means 
as s imple  a s  t he  ones needed t o  check the quadratures  involved i n  the  
method proposed i n  t h i s  paper. 

The equa- 

11. THE DIFFERENTIAL EQUATIONS AND BOUNDARY CONDITIONS 

According t o  page 457 of Reference 9 ,  the s t a t i o n a r y ,  two-dimensional, 
and laminar boundary l a y e r  flow of a binary,  compressible mixture  i s  
descr ibed  by the  following system of d i f f e r e n t i a l  equat ions  i f  bo th  pres -  
s u r e  g r a d i e n t  and thermal d i f f u s i o n  a re  n e g l i g i b l e  and i f  t he  mixture  is 
chemical 1 y i n e r t  : 

I n  the  equat ions  (2), ( 3 ) ,  and (4), the t h i r d  term r e p r e s e n t s ,  r e s p e c t i v e l y ,  
t he  d i f f u s i o n  of momentum, ma t t e r ,  and hea t .  The last  two terms i n  equa- 
t i o n  (4) s tand  f o r  d i s s i p a t e d  mechanical energy and f o r  i n t e r n a l  energy 
exchanged due t o  the  d i f f u s i o n  fluws of pr imary  and i n j e c t e d  medium, 
r e s p e c t  ive 1 y . 
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The following boundary condi t ions  a r e  s p e c i f i e d :  

u (x ,  0) = 0, v ( x ,  0) = vw(x) ,  w(x, 0) = ww(x), and T(x, 0) = TW(x) 

(5) 

a t  t h e  wal l  y = 0; and 

a t  t h e  ou te r  edge of t he  boundary l a y e r .  
and T, have t o  be given. Since t h e  w a l l  i s  supposedly impermeable t o  
t h e  primary gas ,  convection of t h i s  gas  toward t h e  w a l l  i s  balanced by 
d i f f u s i o n  of t h i s  gas i n  t h e  oppos i te  d i r e c t i o n ,  i . e . ,  

The q u a n t i t i e s  vw, ww, u,, w,, 

( 7 )  

Provided s u i t a b l e  i n i t i a l  condi t ions  have been prescr ibed  a t  some upstream 
s t a t i o n  x = cons t . ,  e .g . ,  a t  t he  s t a g n a t i o n  p o i n t  x = 0,  equat ions (1) 
through ( 6 )  completely determine t h e  func t ions  u (x ,  y ) ,  v ( x ,  y ) ,  w(x, y ) ,  
and T(x, y ) .  I n  the  fol lowing,  t h i s  system i s  solved f o r  t he  tempera- 
t u r e  g r a d i e n t  aT(x, O)/ay a t  t h e  wa l l .  Under t h e  s t a t i o n a r y  condi t ions  
s t i p u l a t e d ,  t h e  h e a t  t r a n s f e r  r a t e  qw = - kw aT(x, O)/ay is balanced by 
r a d i a t i o n  from t h e  s u r f a c e  and/or  by the  h e a t  absorbed by t h e  coolan t  
as i t  i s  t ranspor ted  a c r o s s  t h e  wa l l .  

A s  i n  Reference 11, t h e  following nondimensional s i m i l a r i t y  v a r i a b l e s  
a r e  introduced: 
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The contini ity eqi stion (1) is identically satisfied by the stream 
function 9 for the two-dimensional case at hand. 
then determine the velocity components as follows: 

Equations (8) and (9) 

. 

where C(q) = Qp QP. Equation (11) implies 

The similarity transformation given by equations (8) and (9) implies 
vw(x) = x-ll2. The momentum equation (2) becomes 

Additional similarity conditions are introduced by 

so that ww = const. and Tw = const. 
the form 

Equations (3) and (4) then take 
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2 
where the r e l a t i o n  a, = cp, (K,  - 1) T, has  been used. The c o e f f i c i e n t s  

cp ' p c y  and qk i n  the  system of d i f f e r e n t i a l  equat ions (12), ( 1 4 ) ,  
(f5) depend on w(7) and T(7).  The c o e f f i c i e n t  cpaf i s  a func t ion  of 

T(7)  only. The boundary condi t ions  (5) and (6) take  the  fol lowing form: 

f '  (0) = 0, f ( 0 )  = f w ,  w(0) = ww, T(0) = Tw, (16) 

w' (0) 
SC(0) 11 - W(0)l' 

f (0)  = 

Equations (12)  and (14 )  through (17) de f ine  a s p l i t  boundary-value 
problem f o r  a system of th ree  nonl inear  ord inary  d i f f e r e n t i a l  equat ions 
of t he  seventh order .  Solu t ions  wi th  regard t o  P r  = Sc = 1 and 
M,,, = cpaf = 0 are p a r t i c u l a r l y  s imple,  bu t  c o n s t i t u t e  r a t h e r  poor 
approximations t o  s o l u t i o n s  wi th  v a r i a b l e  p r o p e r t i e s .  Under t h e  
assumptions of M, = 0 and cons tan t  p r o p e r t i e s ,  the au tho r s  have solved 
equat ions (12) and (14)  through (18) i n  a wide range of P r ,  Sc, c y  and 
fW.  A c o r r e l a t i o n  formula f o r  the  r e s u l t s  i s  presented i n  Appendix B. 
A numerical s o l u t i o n  of t h i s  problem f o r  any given s e t  of c o e f f i c i e n t s  
q p ( T y  w), vpp(T, W ) ,  ( ~ k ( T 7  W ) ,  qc(T, W ) ,  and (Paf(T, W) r e q u i r e s  an 
i t e r a t i v e  technique which employs the  four  given i n i t i a l  condi t ions  
(16) and th ree  i t e r a t i v e l y  cor rec ted  i n i t i a l  assumptions of f" (0) , 

w' (0) ,  and T' (0) t o  s a t i s f y  the  condi t ions  ( 1 7 ) .  The boundary va lues  
a t  t he  w a l l  have t o  be c o n s i s t e n t  wi th  equat ion (18).  It i s  d e s i r a b l e  
t o  uncouple these  d i f f e r e n t i a l  equat ions i n  order  t o  reduce the  amount 
of numerical work involved i n  the  s o l u t i o n  procedure.  

111. SOLUTIONS OF THE DIFFERENTIAL EQUATIONS 

The d i f f e r e n t i a l  equat ions ( 1 2 ) ,  (14 ) ,  and (15) can be uncoupled 
i f  &e following r e l a t i o n s  hold t rue :  



Conditions (20) and (21) imply Pr($ = Pr,. 

F igure  10 p resen t s  t h e  r e l a t i o n  between f"(0) and f (0 )  which fo l lows  
from numerical s o l u t i o n s  of equat ion (12) under the  assumption of C(7) 
I f  fw i s  p resc r ibed ,  the t h r e e  i n i t i a l  condi t ions  are known and thus  equa- 
t i o n  (12) can be in t eg ra t ed  as a n  i n i t i a l  va lue  problem. Equations (12) 
and (19) y i e l d  the  r e l a t i o n  

1. 

0 

Equations (14), (22),  and (24) g ive  for  Sc = const .  

and 

w(q) - w(0) = w' (0) { [eTC dq 
0 

The parameter w'(0) can be e l imina ted  between equat ions (18) and (26) 
s o  t h a t  
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where the r ight-hand s i d e  i s  a func t ion  of f ( 0 )  = fw  only.  Figure 11 
presents  the  r e l a t i o n  between ww and fw which fol lows f o r  woo = 0 from 
equation (27) . 

Equation (15) can be w r i t t e n  t o  g ive  

where t ( 7 )  = T(q)/TCO and P r y  Sc, and qaf a r e  cons t an t s .  
no ta t ions  

The s h o r t  

w, - ww Pr  
sc Taf a, = - and s [%IC d7 

0 

k, - 1 
a, = Pr 4 6 [f"(O)IPr 

a r e  employed, which a r e  def ined  s i n c e  f"(0)  2 0. 
t i o n  (28) g ives  

I n t e g r a t i o n  of equa- 

0 0 



j 
i 

I ' 
i 

t 
I 

I 
I 

I 

i 

, 

i 
~ , 
I 
I 

i 

i 
1 

I r 

i 

9 

I n  view of the  boundary condi t ion  l i m  t (q)  = 1 ,  a quadra ture  of equa- 
t i o n  (30) y i e l d s  l - l + m  

0 0 

Equation (31) shows t h a t  t h e  con t r ibu t ion  of d i s s i p a t i o n  t o  h e a t  
t r a n s f e r  i s  governed by the  parameter  (k, - 1) M, T,/(T, - ~ ( 0 ) ) .  The 
func t ion  f"($/f"(O) i n  the  r ight-hand s i d e  of equat ion  (31) is obtained 
by i n t e g r a t i n g  equat ion  (12).  Equation (31) inc ludes  t h e  case  of zero  
mass t r a n s f e r  (f, = ww - - w, = O), a1 = 0. 
cond i t ion  (19),  equat ion  (12) g ives  i n  t h i s  case  f o r  cons t an t  p r o p e r t i e s  

2 

Because of t he  boundary 

f"(0) = 1.328. (32) 

For fw  = M, = 0, both  a, and a, equal zero. 
t h e  w e l l  known express ion  

Equation (31) then g i v e s  

J 
0 

See Chapter X I V  of Reference 24. 
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I n  two s p e c i a l  ca ses ,  the  repea ted  quadra tures  i n  equat ion (31) 
can be reduced t o  one s i n g l e  quadra ture  i n  the express ion  f o r  a,. 
Pr = Sc = 1, 

I f  

2 

7'0 

I f  Pr = Sc  and M, = 0, 

I- 1 

- a , +  2 
T, - Tw f" (0) 

a1 T, - Tw * 

The hea t  t r a n s f e r  r a t e  f o r  any va lues  of P r y  Sc, and M, can be expressed 
as fol lows by use of equat ion (8): 

The numerical va lues  of p(0) and k (0 )  may be taken from Figures  2 and 3,  
r e spec t ive ly ,  i f  t h e  i n j e c t i o n  of H20 vapor ,  He, o r  H2 i n t o  a i r  i s  con- 
s idered.  

IV. DISCUSSION OF THE VALIDITY OF 
(19) - (23) ON THE MIXTURE 

Mixture P r o p e r t i e s  

The simultaneous system of d i f f e r e n t i a  

THE ASSUMPTIONS 
PROPERTIES 

equat ions (12), (14), ani 
(15) can be uncoupled i f  t h e  b ina ry  mixture  flow rep resen ted  by these  
equations s a t i s f i e s  condi t ions  (19) through (23) w i t h i n  a reasonable  
margin of e r r o r  f o r  a t r i p l e  of boundary va lues  T,, Tw, and ww. C lea r ly ,  
t hese  condi t ions can be s a t i s f i e d  r i g o r o u s l y  by assuming cons tan t  
mixture p r o p e r t i e s .  Condition (23) can always be met i n  an  approximate 
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way because the s p e c i f i c  h e a t  c of any gas  inc reases  toge the r  wi th  
temperature ,  e.g., Figure 4. 
through (22) can be s a t i s f i e d  only i f  each one of t he  mixture  parameters 
pp, p/k, cp, and Sc is  inf luenced i n  the same  d i r e c t i o n  by changes of 
e i t h e r  temperature T o r  concent ra t ion  w. Resu l t s  of p e r t i n e n t  methods 
l i s t e d  i n  Appendix A show t h a t  t h i s  s i t u a t i o n  prevails i f  H20 vapor,  H e ,  
o r  H2 i s  i n j e c t e d  i n t o  a i r  (see Figures  5 through 9).  This  condi t ion  of 
t h e  s a m e  in f luences  exer ted  by T and w f a i l s  t o  be s a t i s f i e d  f o r  several 
i n v e s t i g a t e d  fo re ign  gases  wi th  molecular weights  exceeding the  one of 
a i r .  

IB T, > Tw and woo < ww, the  condi t ions  (19) 

A s  a f i r s t  approximation, condi t ions (19) through (23) a r e  r e l axed  
and s a t i s f i e d  by equat ing  va lues  a t  the w a l l  and a t  t he  ou te r  edge of 
t h e  boundary l aye r .  By employing the T- and w-dependencies of the  
mixture  p r o p e r t i e s  presented in  Figures  1 through 5, these  re laxed  
cond i t ions  have been s a t i s i f e d  approximately f o r  given temperatures T, 
and TTq l i s t e d  i n  Table I by ca l cu la t ing  s u i t a b l e  va lues  of ww. Equa- 
t i o n s  (25) ,  (26), (30),  and (31) have been eva lua ted  f o r  T(7) and w(r1) 
w i t h  regard  t o  case 3 l i s t e d  i n  Table I (see Figures  12  and 13) .  The 
func t ions  T(q) f o r  Moo = 0 and w(7) presented i n  F igures  1 2  and 13, 
r e s p e c t i v e l y ,  have been used t o  eva lua te  condi t ions  (19) through (23) 
i n  the  range 0 5 7 < 03. The r e s u l t s  of t h i s  c a l c u l a t i o n  appear i n  
F igure  14. A t  l e a s t  i n  this  one spec ia l  case, t h e  margin of e r r o r  i n  
s a t i s f y i n g  condi t ions  (19) through (22) i s  smaller i n s i d e  the  boundary 
l a y e r  than  a t  the w a l l .  It may be conjectured f o r  M, = 0 t h a t  i t  is  
s u f f i c i e n t  t o  s a t i s f y  the  r e l axed  condi t ions (19) through (23) by employ- 
ing only  g iven  boundary va lues  a t  the  w a l l  and a t  the ou te r  edge of the  
boundary l a y e r ,  i n s t ead  of t he  unknown func t ions  T(q) and W(TI). A g lance  
a t  Figure 13  shows t h a t  the re laxed  form of condi t ions  (19) through (23) 
i s  n o t  a p p l i c a b l e  un le s s  t he  d i f f e rence  between the temperature p r o f i l e s  
f o r  a g iven  Mach number M, and f o r  M, = 0 is s u f f i c i e n t l y  small. This  
cons ide ra t ion  i s  v e r i f i e d  by the  f i n a l  r e s u l t s  presented  i n  Figure 15. 

V. RELATIONS FROM THE REFERENCE ENTHALPY METHOD USED FOR COMPARISON 

The r e fe rence  enthalpy method derived by Eclcert i n  Reference 7 
g i v e s  t h e  express ion  

(ir - 

f o r  t he  h e a t  t r a n s f e r  a t  an  impermeable s o l i d  w a l l  f o r  compressible a i r  
boundary l a y e r  flow wi th  cons tan t  pressure.  
be expressed as fol lows 

The recovery en tha lpy  can 

(37 1 

r 

r 2 , pal 
i 2  i = i,+ - %  c e, - 1) T,. 



1 2  

For laminar a i r  flow, the  recovery f a c t o r  can be approximated by 

I 

r = & .  i (39) 

The temperature-dependent gas  p r o p e r t i e s  a r e  introduced a t  a r e fe rence  
enthalpy de f ines  as 

i + c  = i, + 0.5 ( i w  - i,) -k 0.22 ( i r  - i,); (40) 

i i k  g ives  the  r e fe rence  temperature F ' c  by use of en tha lpy  t a b l e s  f o r  a i r .  
For two-dimensional laminar flow along a su r face  wi th  cons tan t  p r o p e r t i e s ,  
p ressure ,  and temperature,  the  l o c a l  h e a t  t r a n s f e r  c o e f f i c i e n t  i s  obtained 
from the r e l a t i o n  

It has been shown i n  Reference 7 t h a t  equat ion  (41) i s  a c o r r e l a t i o n  
formula f o r  h e a t  t r a n s f e r  i n  high-speed flow wi th  v a r i a b l e  p r o p e r t i e s  i f  
p, Re, and Pr a r e  eva lua ted  a t  the r e fe rence  temperature F':, i . e . ,  
Re(x) = pikxu,/p$; and P r  = p+cc ;k/k;k. Equations (36) through (41) g ive  
f o r  w, = 0 P 

qwo p(T") c (T") MZ - 0.664 i, + 2 cp, (k, - 1) T, - [ 1 kfe 

For cons tan t  p re s su re ,  i t  has  been shown i n  Reference 14 t h a t  
exac t  r e s u l t s  f o r  h e a t  t r a n s f e r  i n  the  presence of mass t r a n s f e r  cool ing 
w i t h  a fo re ign  gas  (e.g. ,  References 2 ,  8, and 26) can be approximated 
by the  following expression:  
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* C i s  g iven  by 

Equation (43) i s  v a l i d  over a wide range of va lues  &, T,, T,, and pWvw. 
Figures  20 and 21 i n  Reference 14  ind ica t e  f o r  t he  i n j e c t i o n  of H2 and 
He, r e s p e c t i v e l y ,  t h a t  eva lua t ions  of equat ion (43) d e v i a t e  by l e s s  
than approximately .0.05 from r igorous  r e s u l t s  der ived  by o t h e r  i n v e s t i -  
g a t o r s .  These r igorous  r e s u l t s  and pe r t inen t  experimental  da t a  show, 
however, t h a t  q /qwo ceases  t o  be a l i n e a r  func t ion  of t he  mass t r a n s f e r  
r a t e  pwvw as q, 7q wq -+ 0. For t h i s  reason, it i s  ques t ionable  whether o r  
no t  equat ion  (43) is v a l i d  f o r  l a r g e  mass t r a n s f e r  r a t e s  pwv,. 

Table 1 p resen t s  t r i p l e s  of numbers T,, ww, and Tw f o r  which the  

The s lopes  of bo th  pp 
re laxed  form of condi t ions  (19) through (23) has been s a t i s f i e d  wi th in  
the  margin of e r r o r  a l s o  l i s t e d  i n  this t a b l e .  
and p/k as func t ions  of w i n  F igures  6 and 7 ,  r e s p e c t i v e l y ,  show why 
the  cases  appearing i n  Table 1 cover a wide ww-range f o r  H20-air mix tures  
and only small va lues  of w, f o r  He-air and H,-air mixtures .  
of t he  bands present ing  Sc and cp as func t ions  of w f o r  T = const .  i n  
Figures  9 and 5,  r e s p e c t i v e l y ,  confirms t h i s  s i t u a t i o n .  

The width 

When the  f i v e  condi t ions  (19) through (23) have been s a t i s f i e d  i n  
the  o u t l i n e d  approximate way, s u i t a b l e  average va lues  of P r y  Sc, and 

can be est imated.  For each one of t he  cases  l i s t e d  i n  Table I, 'Pa f 
Figure 11 has been used t o  determine fw as a func t ion  of Sc and ww. 
Figure 10  g ives  f: i n  terms of f,. 
be i n t e g r a t e d  as an i n i t i a l  va lue  problem t o  g ive  f ( q ) .  The r e s u l t i n g  
func t ion  f"(q)/f"(O) i s  s u b s t i t u t e d  in to  equat ion (31) t o  ob ta in  T' (0) 
by quadratures .  Equation (42) f i n a l l y  y i e l d s  qw/qwo. For M, = 0, the  
numerical eva lua t ions  involved i n  t h i s  method can be reduced t o  a few 
hand c a l c u l a t i o n s  by employing the co r re l a t ion  formula (B-2) i n  
Appendix B. 

The momentum equat ion (12) can then 

The marked p o i n t s  i n  Figure 15 present  r e s u l t s  of equat ion (42) ,  
which is  a consequence of t he  der ived method, f o r  t he  H20-air mixtures  
l i s t e d  i n  Table I. The curves i n  Figure 15 have been obtained from 
the  c o r r e l a t i o n  method presented i n  Reference 14. Equation (43) g ives  
the  upper l i n e  when eva lua ted  f o r  the  molecular weight r a t i o  of H20 and 
a i r .  The lower curve r ep resen t s  a spec ia l  c o r r e l a t i o n  formula shown i n  
Figure 22 of Reference 14  f o r  H,O and a i r .  
r e f e r r i n g  t o  M, = 0 and the  l i n e s  i s  remarkably c l o s e ,  p a r t i c u l a r l y  i n  

The agreement between p o i n t s  
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view of t he  accuracy of the  c o r r e l a t i o n  method of Reference 14,  where 
r igorous s o l u t i o n s  f o r  H,O and a i r  cover a band of c e r t a i n  l a t e r a l  
width around the  lower s t r a i g h t  l i n e ,  which i s  a l s o  approximated by 
the  upper s t r a i g h t  l i n e  r ep resen t ing  equat ion  (43) wi th in  a c e r t a i n  
margin of e r r o r .  While the  agreement between the  der ived  method and 
the c o r r e l a t i o n  method of Reference 14 i s  good f o r  H20-air mixtures  
i n  a low-speed boundary l a y e r ,  the  eva lua t ions  of equat ion (42) d i f f e r  
s i g n i f i c a n t l y  from the  lower s t r a i g h t  l i n e  f o r  M, = 3. This  i s  due t o  
the  f a c t  t h a t  t he  inf luences  of T(7) and w(7) on the  p e r t i n e n t  proper ty  
parameters given by equat ions (19) through (23)  do no t  compensate each 
o t h e r  in  a n  approximate way as they do f o r  M, = 0, s i n c e  the  temperature  
p r o f i l e s  reach a maximum i n s i d e  the boundary l a y e r  f o r  M, = 3 (see 
F igure  13). This t rend i s  p a r t i c u l a r l y  s t rong  when Tw and T, d i f f e r  
only by a r e l a t i v e l y  small quan t i ty ,  see  case no. 2 i n  Figures  13 and 
15. Points  f o r  considerably higher  m a s s  t r a n s f e r  ra tes  fw could have 
been ca lcu la ted  by spec i fy ing  l a r g e r  va lues  of (T, - Tw). This is  due 
t o  the  f a c t  t h a t  the  va lues  of ww which s a t i s f y  condi t ions  (19)  through 
( 2 3 )  increase  toge ther  wi th  (T, - Tw). 

VII. REVIEW AND APPLICATIONS OF THE DERIVED METHOD 

A laminar a i r  boundary l a y e r  wi th  i n j e c t i o n  of fore ign  gas i s  con- 
s ide red  here .  The mixture  p r o p e r t i e s  may depend i n  any prescr ibed  way 
on temperature T and fo re ign  gas  concent ra t ion  w. The p a r t i a l  d i f f e r e n t i a l  
equations represent ing  conservat ion of m a t t e r ,  i n j e c t e d  spec ie s ,  momentum, 
and energy can be reduced t o  t h r e e  simultaneous o rd ina ry  d i f f e r e n t i a l  
equations by a s i m i l a r i t y  t ransformat ion  wh ich - i s  v a l i d  both a t  the s t a g -  
na t ion  poin t  and fo r  a cons tan t  pressure  w a l l .  Several  i n v e s t i g a t o r s  have 
solved t h i s  simultaneous system of s i m i l a r i t y  equat ions by r igo rous  numeri- 
c a l  methods f o r  t he  case of cons tan t  p re s su re .  The s o l u t i o n  procedures 
employed a r e  q u i t e  cumbersome because a t r i p l e  i t e r a t i o n  is  necessary  t o  
s a t i s f y  th ree  boundary condi t ions  a t  the o u t e r  edge of the boundary l a y e r .  
Avai lable  r igorous  numerical s o l u t i o n s  have been c o r r e l a t e d  i n  Reference 14 
and represented by a l i n e a r  dependency between qw/qwo and the i n j e c t i o n  
r a t e  4n~v /p,u,, whose s lope  c o e f f i c i e n t  i s  a func t ion  of M a / M f ,  Re(x),  
and p+~p;~yp,~. While t h i s  c o r r e l a t i o n  formula t r e a t s  the  case of con- 
s t a n t  pressure i n  a s a t i s f a c t o r y  manner, only ind iv idua l  numerical so lu -  
t i o n s  €or  s p e c i a l  given va lues  of T,, Q, and Tw have been publ ished so 
f a r  f o r  t h e  s t agna t ion  p o i n t ,  

Because of t h i s  s i t u a t i o n ,  a r e l a t i v e l y  simple c a l c u l a t i o n  method 
i s  proposed i n  t h i s  paper which g ives  qw/qwo f o r  both the  s t agna t ion  p o i n t  
and the case of cons tan t  pressure .  To show i t s  performance and l i m i t a -  
t i o n s ,  t h i s  method is  worked out  he re  only f o r  the l a t t e r  case.  The 
method r e s t s  on the f a c t  t h a t  t he  th ree  ord inary  d i f f e r e n t i a l  equat ions  
i n  s i m i l a r i t y  v a r i a b l e s  can be uncoupled i f  t he  mixture  parameters pp, 
p / k ,  Sc, and cp ,  and (cp - c ) a r e  cons t an t .  To render  these  parameters 

a Pf 
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independent of t he  s o l u t i o n s  T(7) and w(7) t o  be determined, t hese  f i v e  
condi t ions  a r e  r e l axed  so  t h a t  only the  va lues  a t  the  w a l l  a r e  equated 
t o  the  va lues  a t  the  ou te r  edge of the  boundary l a y e r .  Comparison t o  
the  c o r r e l a t i o n  s o l u t i o n  compiled in  Reference 14 shows t h a t  a n  approxi-  
mate matching of t h e  r e l axed  form of the f i v e  condi t ions  i s  s u f f i c i e n t  
un le s s  d i s s i p a t i o n  has  a s i g n i f i c a n t  in f luence  on the  temperature  pro- 
f i l e .  These r e l axed  condi t ions  can be  s a t i s f i e d  i n  a n  approximate way 
f o r  t he  i n j e c t i o n  of H,O, He, o r  H2 i n t o  a i r  because changes of e i t h e r  
T o r  w have the  s a m e  in f luences  on each one of the  mixture  parameters 
pp, p/k, Sc, and cp i n  these  th ree  cases.  
e x i s t ,  however, f o r  s eve ra l  i nves t iga t ed  fo re ign  gases  whose molecular 
weight exceeds t h e  one of a i r .  The re laxed  form of the condi t ions  can 
be  s a t i s f i e d  i n  the approximate manner f o r  He o r  H2 i f  t he  i n j e c t i o n  
r a t e s  a r e  very small. I n  case of H20 i n j e c t i o n  i n t o  a i r ,  however, 
va lues  of qw/qwo as low as 0.5 can be obtained f o r  moderate va lues  of 
(T, - Tw). I f  t h i s  temperature d i f f e rence  is  s u f f i c i e n t l y  l a r g e ,  t he  
mass t r a n s f e r  ra te  pwvw/p,u, of H,O vapor may reach  va lues  ou t s ide  the 
range of a p p l i c a b i l i t y  of t he  c o r r e l a t i o n  formula (43) which is l i n e a r  
i n  pwvwlbq,, .  

This  s i t u a t i o n  does no t  

I f  t he  f i v e  condi t ions  on the  mixture p r o p e r t i e s  a r e  s a t i s f i e d  i n  
the  o u t l i n e d  approximate way, t he  h e a t  t r a n s f e r  parameter q,/qwo i s  
obta ined  by i n t e g r a t i o n  of equat ion (12) and quadra tures  i n  the  r i g h t -  
hand s i d e  of equat ion (31). For M, = 0, t h e  numerical eva lua t ions  can 
be reduced t o  a few hand c a l c u l a t i o n s  by employing the  c o r r e l a t i o n  
func t ions  presented  i n  Appendix B f o r  the Euler  numbers m = 0 (con- 
s t a n t  p r e s s u r e ) ,  m = 0.5, and m = 1 (s tagnat ion  p o i n t ) .  

I n  conclusion i t  may be pointed out that the  method der ived  i n  
t h i s  paper can g ive  simple engineer ing s o l u t i o n s  of the  h e a t  and mass 
t r a n s f e r  problem which i n  some app l i ca t ions  exceed the range of v a l i d i t y  
of t h e  c o r r e l a t i o n  formula (43) of Reference 14. Evident ly ,  the de r ived  
method is  v a l i d  f o r  primary gases  o ther  than a i r  and f o r  fo re ign  gas  
concent ra t ions  w, # 0. The method can be gene ra l i zed  t o  inc lude  homo- 
geneous o r  heterogeneous chemical r eac t ions  of  given order .  Also, t he  
method can be r e w r i t t e n  t o  account f o r  a mass t r a n s f e r  vec tor  component 
t a n g e n t i a l  t o  the w a l l .  
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APPENDIX A 

THE MIXTURE PROPERTIES 

1. Viscos i ty ,  Di f fus ion ,  and Thermal Conduct ivi ty  Coef f i c i en t  

V i scos i ty ,  o rd inary  d i f f u s i o n ,  and thermal conduc t iv i ty  coef-  
f i c i e n t s  were determined by use  of a r igo rous  k i n e t i c  theory  of gases  
of low d e n s i t y  i n i t i a l l y  developed f o r  pure gases  by Chapman (Refer- 
ence 6) and independently by Enskog a t  the  s a m e  t i m e .  H i r sch fe lde r  and 
a s s o c i a t e s  (Reference 1 9 ,  pp. 514-540) extended t h i s  theory  t o  inc lude  
b ina ry  mixtures .  The Chapman-Enskog theory expresses  t h e  t r a n s p o r t  
c o e f f i c i e n t s  i n  terms of t h e  p o t e n t i a l  energy of a t t r a c t i o n  between \ 

a p a i r  of gas  molecules .  
empir ical  r e l a t i o n s  a r e  commonly used t o  desc r ibe  i n t e r a c t i o n p  between 
molecules.  According t o  Reference 1 9 ,  t r a n s p o r t  p r o p e r t i e s  of  pure  
gases  can be expressed i n  terms of molecular weight ,  p re s su re ,  tempera- 
t u r e ,  s p e c i f i c  h e a t ,  a c h a r a c t e r i s t i c  diameter  o of the  molecule ,  and 
c o l l i s i o n  i n t e g r a l s  which r e p r e s e n t  the d e v i a t i o n  of t h e  molecules from 
the  r i g i d  sphere model. The c o l l i s i o n  i n t e g r a l  i s  a func t ion  of a 
dimensionless temperature ( K T / c )  and depends upon thg p o t e n t i a l  model 
under cons idera t ion .  The parameters E ~ K  ( O K )  and o ( A )  a r e  o f t e n  r e f e r r e d  
t o  as  "force constants";  c i s  a c h a r a c t e r i s t i c  energy o f  a t t r a c t i o n  
between two molecules ,  and K i s  the  Boltzmann cons tan t .  

-7 

Since exac t  p o t e n t i a l  func t ions  a r e , , C x '  

I n  c a l c u l a t i o n s  of t he  v i s c o s i t y  and thermal conduct iv i ty  of 
H, and He, t abu la t ed  va lues  of the  c o l l i s i o n  i n t e g r a l s  based on the  
Lennard-Jones p o t e n t i a l  model were taken from Reference 1 9 ,  p p .  1126- 
1 1 2 7 .  Force cons t an t s  were a l s o  obtained from Reference 1 9 ,  p .  110. 
The expression used f o r  c a l c u l a t i n g  thermal conduc t iv i ty  w a s  developed 
on a semi-empirical b a s i s  by Eucken (Reference 12) and w a s  a l s o  der ived 
t h e o r e t i c a l l y  by Hi r sch fe lde r ,  Reference 1 9 ,  p .  534.  

Hirsch fe lde r '  s genera l  mixture  equat ions  of v i s c o s i t y ,  
Reference 1 9 ,  p .  531 ,  mass d i f f u s i v i t y ,  Reference 1 9 ,  p .  5 3 9 ,  and 
thermal conduct iv i ty ,  Reference 1 9 ,  p. 535 ,  were used i n  computations 
f o r  H,-air and He-air  mixtures .  No a d d i t i o n a l  input  da t a  a r e  needed 
f o r  the use of t hese  equat ions except  the  mole f r a c t i o n  of fo re ign  gas  
and the f o r c e  cons tan ts  of  t he  mixture .  Empirical  combining l a w s  were 
used t o  ob ta in  mixture  f o r c e  cons tan ts  which account  f o r  i n t e r a c t i o n  
between un l ike  molecules ,  

cr12 = 0 . 5 ( 0 ,  + 02) and c12 = -, 

( see  p .  222 of Reference 1 9 ) .  
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Approximate, semi-empirical  r e l a t i o n s  were used as a comparison 
method f o r  determining v i s c o s i t y  and thermal conduc t iv i ty  of H 2 - a i r  and 
He-air mixtures .  The express ion  used f o r  v i s c o s i t y  c a l c u l a t i o n s  (Refer- 
ence 5, p. 5) w a s  f i r s t  developed by Buddenberg and Wilke (Reference 4, 
p. 1345) and s i m p l i f i e d  according t o  k i n e t i c  theory  by Wilke (Refer- 
ence 28, p. 57) .  I n  o rde r  t o  eva lua te  Wilke's  equat ions ,  t h e  tempera- 
t u r e ,  concent ra t ion ,  molecular weights ,  and v i s c o s i t i e s  of  t h e  pure 
gases  are  needed. The pure component v i s c o s i t i e s  were obta ined  by use  
of H i r s c h f e l d e r ' s  modi f ica t ion  of t h e  Chapman-Enskog theory o u t l i n e d  
previous ly .  A s e m i - e m p i r i c a l  method f o r  thermal conduc t iv i ty  der ived  
by Enskog and presented  by Carlson and Schneider (Reference 5, p. 13) 
w a s  used i n  the  s a m e  manner as  the  Wilke method f o r  v i s c o s i t y .  P e r t i -  
nent  t a b l e s  i n  Reference 10 have been used f o r  comparison. 

Computations f o r  t he  v i s c o s i t y  and thermal conduc t iv i ty  of  water 
vapor were based on the  Stockmayer p o t e n t i a l  func t ion  which is  a more 
r e a l i s t i c  model f o r  po la r  molecules than i s  t h e  Lennard-Jones model. 
The c o l l i s i o n  i n t e g r a l s  f o r  t h i s  case were taken from t a b l e s  i n  Refer- 
ence 22, pp. 23-33. Force cons t an t s  f o r  water molecules were obta ined  
from Reference 19, p. 599. Force cons tan ts  f o r  H20-air mix tures  w e r e  
determined from equat ion (A-1) and were then m u l t i p l i e d  by a c o r r e c t i o n  
f a c t o r  (Reference 19, p. 600) t o  account f o r  t he  e f f e c t i v e  p o t e n t i a l  
energy of a t t r a c t i o n  between a p o l a r  and nonpolar  molecule.  
v i s c o s i t y  and thermal conduct iv i ty  f o r  H,O-air mix tures  were then  
determined by the  t h e o r e t i c a l  method used f o r  H 2 - a i r  and He-air  mix- 
t u r e s .  Di f fus ion  c o e f f i c i e n t s  f o r  H20-air mix tures  were c a l c u l a t e d  
according t o  a n  empir ica l  equat ion  given by Ecker t  (Reference 9, p. 512). 
F igures  2, 3,  and 8 p resen t  v i s c o s i t y ,  thermal conduct iv i ty ,  and 
o rd ina ry  d i f f u s i o n  c o e f f i c i e n t ,  r e spec t ive ly ,  as func t ions  of fo re ign  
gas  concent ra t ion  w f o r  s e l e c t e d  temperatures T. 

The 

2. S p e c i f i c  Heat and Density 

Experimental va lues  of the  s p e c i f i c  h e a t s  of  pure gases  
(References 13,  18, and 20) w e r e  used in  a l l  cases except  i n  ca l cu la -  
t i o n s  of the  thermal conduc t iv i ty  of H 2 - a i r  and He-air mixtures  (see 
Figure  4) .  For t h i s  ease, t h e  s p e c i f i c  h e a t s  of t h e  pure components 
were determined by use  of the  energy p r i n c i p l e  of e q u i p a r t i t i o n .  
a c t u a l  con t r ibu t ions  of t he  va r ious  energ ies  f o r  each degree of freedom 
of the  molecule t o  t h e  t o t a l  energy of the  molecule w e r e  es t imated  accord- 
ing t o  express ions  g iven  by Hirschfe lder  i n  Reference 19, pp. 116-119. 
The s p e c i f i c  h e a t s  of mixtures  were determined by the  fol lowing i d e a l  
gas  r e l a t i o n s h i p :  

The 

cp(T,  w) = c (T) w + c (T) 
Pf 'a 

- w ) ,  
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(Reference 5, p.  3 ) .  Dens i t i e s  of pure gases  and mixtures  were d e t e r -  
mined from the  following idea l  gas  r e l a t i o n s h i p :  

- P pi PM? and p = - - -  
RT[1 4- W(% - l ) ] ’  p i  RT 

Ml 

(A- 3) 

(Reference 5, p .  3 ) .  The average molecular  weight of  a i r  w a s  taken 
a s  28.97 (79% N, and 21% 0,). F igures  1 and 5 p re sen t  the  d e n s i t y  
and the s p e c i f i c  h e a t  as func t ions  of fo re ign  gas  concent ra t ion  w f o r  
s e l ec t ed  va lues  of temperature T .  
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APPENDIX B 
CORRELATION FORMULAS FOR Nu/*e I N  CASE OF & = 0 

The s i m i l a r i t y  equat ions  (12) and (14) through (18) have been 
so lved  numer ica l ly  on a d i g i t a l  computer under condi t ions  of & = 0, 
cons t an t  p r o p e r t i e s ,  and Euler  numbers m = 0, m = 0.5, and m = 1. 
Euler  number is  def ined  by %(x) = c $; m = 0 and 1, r e s p e c t i v e l y ,  
r e p r e s e n t  the  cases  under d i scuss ion  i n  t h i s  paper,  i . e . ,  cons t an t  
p re s su re  and s t a g n a t i o n  po in t .  The numerical r e s u l t s  f o r  t h e  h e a t  
t r a n s f e r  parameter 

The 

/(Tw - T,% aT(x, 0) 
a Y  

N u / a e  = - x 

have been c o r r e l a t e d  as func t ions  of the p e r t i n e n t  cons t an t  parameters ,  

the blowing f a c t o r .  The c o r r e l a t i o n  func t ions  a r e  v a l i d  i n  the  follow- 
ing bounds : 

- 
y r ,  SC, c = cpf i cpa ,  arid ii tihere B = - fw~r<xri + 1) /2  [KU/GGI €,=0 is 

0.0 I B I 0.1 

0.3 5 Pr 5 5.0 

0.25 s C I 5.0 

0.2 5 s c  I 5.0 

For 0.25 5 c 5 1.0,  the  blowing f a c t o r  may vary  i n  the  bounds 
0 5 B 5 0.3. For m = 0, 

- Bgl(Sc, c)F1(Pr) + S1(Pr, c)  
0.3489 

Nu/& = 0.33203Pr 

10 E,(Pr, c 
+ 

A2(C) - g(Sc, c) Fl(:r) 

where 

F,(Pr) = 0.835 + 0.18 P r y  

gl(SC, C) = 0.2394 + (C - 1) (-0.00312 c f 0.18213 + S~(0 .00059  c - [ 
- 0.03298) + S ~ ~ ( - 0 . 0 0 0 0 5  c + 0.00364) . 1 
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Al(Sc) = SC' 

A,(c) = 0.21066 - 0.05479 c + 0.01058 c2, and 

0.6407 r-0.33 -k 2.19 c -I- 0.63 Pr + 0.25/Pr E1(Pr, c) = c I L. 

For m = 0.5, 

where 

F,(Pr) = 0.76 + 0.265 Pr ,  

1 g,(SC, C) = 0.3036 + (C - 1) 0.25633 - 0.05076 SC + 0.00583 S c 2 /  i -1 

r 1 

H ~ ( c )  = (1 - c)  10.27902 - 0.44556 c + 0.18848 c2 - 0.02194 c3], 

G(c) = (c - l ) / ( c  - 11 and 0 i f  c = 1, and 

E,(Pr) = 0.40581 - 0.29358/Pr - 0.05363 P r  + 0.02649/Pr2. 

For m = 1.0, 

03-41 



where I 
F3(Pr) = 0.762 + 0.275 Pr ,  

g,(SC, C) = 0.3577 + (C - 1) 0.30035 - 0.05438 SC + 0.00589 Sc2 , 1 J 
H ~ ( c )  = (1 - c) 0.26302 - 0.30873 c + 0.12054 c2 - 0.01369 c3 , and 1 
E3(Pr) = 0,45561 - 0.32596/Pr - 0.06026 P r  i- 0.02916 Pr2. 

h ~ p r i s m  of the computer so lu t ions  of equations (12) and (14) through 
(18) t o  the cor re la t ion  formulas (B-2) through (B-4) shows a maximum 
e r r o r  of 0.032 of Nu/= i n  the bounds defined by the r e l a t i o n s  (B-1). 
Nu/& va r i e s  i n  the bounds 0.158 5 Nu/& 5 1.025 i n  t h i s  region. 
The average e r ro r  of Nu/& i n  t h i s  region i s  approximately equal t o  
0.01. 

NOTE: The cor re la t ion  formulas presented i n  Appendix B have been 
derived by Mr .  F. E. McKinney of the George C. Marshall Space 
F1 i gh t  Center. 
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